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INVARIANT SOLUTIONS TO THE STROMINGER SYSTEM AND THE
HETEROTIC EQUATIONS OF MOTION
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Abstract. We construct many new invariant solutions to the Strominger system with respect to a
2-parameter family of metric connections ∇ε,ρ in the anomaly cancellation equation. The ansatz ∇ε,ρ
is a natural extension of the canonical 1-parameter family of Hermitian connections found by Gaudu-
chon, as one recovers the Chern connection ∇c for (ε, ρ) = (0, 1
2
), and the Bismut connection ∇+ for
(ε, ρ) = ( 1
2
, 0). In particular, explicit invariant solutions to the Strominger system with respect to the
Chern connection, with non-flat instanton and positive α′ are obtained. Furthermore, we give invariant
solutions to the heterotic equations of motion with respect to the Bismut connection. Our solutions
live on three different compact non-Ka¨hler homogeneous spaces, obtained as the quotient by a lattice
of maximal rank of a nilpotent Lie group, the semisimple group SL(2,C) and a solvable Lie group. To
our knowledge, these are the only known invariant solutions to the heterotic equations of motion, and
we conjecture that there is no other such homogeneous space admitting an invariant solution to the
heterotic equations of motion with respect to a connection in the ansatz ∇ε,ρ.
1. Introduction
The goal of this paper is to provide new invariant solutions to the Strominger system and the heterotic
equations of motion in dimension six. Strominger and Hull investigated, independently in [1] and [2], the
heterotic superstring background with non-zero torsion, which led to a complicated system of partial dif-
ferential equations. This system specifies, in six dimensions, the geometric inner space X to be a compact
complex conformally balanced manifold with holomorphically trivial canonical bundle, equipped with an
instanton compatible with the Green-Schwarz anomaly cancellation condition. The latter condition, also
known as the Bianchi identity, reads as the equation of 4-forms
(1) dT =
α′
4
(
tr Ω ∧ Ω− tr ΩA ∧ ΩA) ,
for some real non-zero constant α′. The 3-form T is the torsion of the Bismut connection of the Hermitian
metric, which is given by T = JdF , where J is the complex structure of X and F denotes the fundamental
2-form of the conformally balanced Hermitian metric on X. The form Ω is the curvature form of some
metric connection ∇ and ΩA is the curvature form of the instanton A, i.e. ΩA satisfies the Hermitian-
Yang-Mills equation. For more results on heterotic flux compactifications and on the general theory of
the Strominger system, see [3] and the recent paper [4], as well as the references therein.
Li and Yau obtained in [5] the first non-Ka¨hler solutions to the Strominger system on a Ka¨hler
Calabi-Yau manifold. This was further extended in [6], where a perturbative method for certain Ka¨hler
Calabi-Yau threefolds with stable holomorphic vector bundles is used to prove existence of solutions to
the Strominger system and the equations of motion. On the other hand, based on a construction in [7],
Fu and Yau first proved the existence of solutions to the Strominger system on non-Ka¨hler Calabi-Yau
inner spaces given as a T2-bundle over a K3 surface [8].
There are several connections ∇ proposed for the anomaly cancellation equation (1), as the Chern con-
nection ∇c, the (Strominger-)Bismut connection ∇+, the Levi-Civita connection ∇LC or the connection
∇− (see for instance [1, 7, 8, 9, 10] and the references therein). Recently, Fei and Yau propose in [11]
to find solutions to the Strominger system with respect to any connection in the canonical 1-parameter
family of Hermitian connections ∇t on the tangent bundle found by Gauduchon in [12]. The family ∇t
includes the Chern connection (t = 1) and the Bismut connection (t = −1). In order to present a more
complete and unified study of the solutions to the Strominger system, in this paper we will consider a
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22-parameter family of metric linear connections ∇ε,ρ that incorporates the family ∇t and also the con-
nections ∇− and ∇LC . More concretely, ∇t corresponds to ∇ε, 12−ε (i.e. ρ = 12 − ε and t = 1 − 4ε),
∇c = ∇0, 12 , ∇± = ∇± 12 ,0 and ∇LC = ∇0,0 (see Section 2 for more details).
An important source of explicit solutions to the Strominger system is provided by the invariant balanced
Hermitian geometry on compact quotients of real 6-dimensional Lie groups G endowed with a left-
invariant complex structure J . In this setting the dilaton is constant and the main part of the analysis
can be carried out on the Lie algebra g of the Lie group G. The first invariant solutions on nilmanifolds,
i.e. the Lie group is nilpotent, with positive α′ were found in [10] (see also [9] for solutions on the
Iwasawa manifold with α′ < 0). Recall that the nilpotent Lie algebras underlying a (non-toral, and thus
non-Ka¨hler) nilmanifold endowed with a balanced Hermitian metric with respect to an invariant complex
structure are h2, h3, h4, h5, h6 and h
−
19 (see [13] for a description of the Lie algebras). The nilmanifolds
(corresponding to the Lie algebras) h2, h3, h4 and h5 provide some invariant solutions to the Strominger
system when one sets the connection ∇ in the anomaly cancellation condition (1) to be the connection
∇+ or ∇LC [10, Theorems 5.1, 5.2 and 6.1], whereas the nilmanifold h6 has invariant solutions only with
respect to ∇+ [10, Theorem 7.1]. In the case of h−19, in [10, Theorem 8.2] some solutions with respect to
∇+ and ∇c are given.
Except for the case of the Chern connection ∇c on the nilmanifold h−19, all the solutions on nilmanifolds
found in [10] were obtained with a non-flat instanton A defined on the tangent bundle. Later, in [14,
Theorem 4.2] solutions with respect to ∇c, with α′ > 0 and non-flat instanton, were given on h−19. More
recently, it is proved in [13] that any invariant balanced metric compatible with an Abelian complex
structure J provides a solution to the Strominger system with α′ > 0 and non-flat instanton, when we set
the connection ∇ in the anomaly cancellation condition (1) to be the Bismut connection ∇+. This result
has been used in [15] as the starting point to produce conformally compact and complete smooth solutions
to the Strominger system with non-vanishing flux, non-trivial instanton and non-constant dilaton using
the first Pontrjagin form of the connection ∇−.
In [11], Fei and Yau provide new invariant solutions on complex Lie groups and their quotients. For
the semisimple case sl(2,C), they find solutions with positive α′ and flat instanton, with respect to
any connection in the canonical 1-parameter family of Hermitian connections ∇t whenever t < 0. In
particular, solutions with respect to the Bismut connection (t = −1) are found, which answers a question
proposed by Andreas and Garc´ıa-Ferna´ndez in [16]. Fei and Yau also provide solutions on sl(2,C) to the
Strominger system with respect to the Hermitian connection ∇t, with α′ > 0 and non-flat instanton, for
any t satisfying t(t− 1)2 + 4 < 0. The latter condition excludes both the Chern connection (t = 1) and
the Bismut connection (t = −1).
Ivanov proved in [17] (see also [10]) that a solution of the Strominger system satisfies the heterotic
equations of motion if and only if the connection ∇ in the anomaly cancellation equation (1) is an
instanton, i.e. Ω satisfies the Hermitian-Yang-Mills equation. As far as we know, the only invariant
solutions to the heterotic equations of motion in the literature are the solutions on the nilmanifold h3
found in [10, Theorems 5.1 and 5.2]. In this paper, we find other two compact homogeneous spaces
admitting invariant solutions to the heterotic equations of motion, which are obtained as the quotient by
a lattice of maximal rank of the semisimple group SL(2,C) and of a solvable Lie group.
In the SL(2,C) case, we prove that an invariant solution found in [11] actually provides a solution to
the heterotic equations of motion (with respect to ∇+, with positive α′ and the instanton being flat).
In the solvable case, we consider the Lie algebra denoted as g7 in the classification list obtained in [18,
Theorem 2.8] of 6-dimensional solvable Lie algebras underlying the solvmanifolds with holomorphically
trivial canonical bundle. We find invariant solutions to the heterotic equations of motion with respect
to the Bismut connection ∇+, with α′ > 0 and non-flat instanton. Moreover, invariant solutions to the
Strominger system with respect to the Chern connection ∇c are also given on this solvmanifold (notice
that the nilmanifold h3 has no solutions for ∇c, see [10]).
In conclusion, the invariant solutions of the heterotic equations of motion given in this paper live on
three different compact non-Ka¨hler homogeneous spaces which are obtained as the quotient by a lattice of
maximal rank of a nilpotent Lie group (the nilmanifold h3), the semisimple group SL(2,C) and a solvable
Lie group (the solvmanifold g7). We conjecture that there is no other such homogeneous space admitting
an invariant solution to the heterotic equations of motion with respect to a connection in the ansatz ∇ε,ρ.
3The results in this paper are obtained after a careful analysis of the first Pontrjagin form of the 2-
parameter family of connections ∇ε,ρ, and as a consequence many new solutions to the Strominger system
with non-flat instanton and α′ of different signs are given (see Theorems 3.3, 4.3, 5.3, 5.5 and Table 1).
The paper is structured as follows. In Section 2 we introduce the family of metric connections
{∇ε,ρ}ε,ρ∈R which extends the canonical 1-parameter family of Hermitian connections ∇t and also in-
cludes the Levi-Civita and the ∇− connections. After recalling the main ingredients in the Strominger
system, we indicate how we will proceed in our searching of invariant solutions on compact quotients of
Lie groups by lattices.
In Section 3 we construct many invariant solutions with non-flat instanton on the nilmanifold h3 with
respect to the connections ∇ε,ρ in the anomaly cancellation equation (1). In particular, we recover the
solutions previously found in [10, 13].
In Section 4 we revisit the sl(2,C) case, extending to the family of connections ∇ε,ρ the study of
invariant solutions. Moreover, we provide solutions to the heterotic equations of motion with respect to
the Bismut connection.
Section 5 is devoted to the invariant Hermitian geometry of the solvmanifold g7. We construct many
new invariant solutions with respect to the connections ∇ε,ρ in the anomaly cancellation equation (1), in
particular, solutions for the Chern connection ∇c with non-flat instanton and positive α′. Furthermore,
some of our solutions satisfy in addition the heterotic equations of motion.
Finally, in Section 6 we determine the holonomy group of the Bismut connection of the solutions
found in the previous sections. A cohomological property that involves the cup product by the de Rham
cohomology class of the 4-form F 2, where F is a balanced metric, is also studied. At the end of Section 6
a table is included (see Table 1), where the main results of the paper are gathered. We also include an
Appendix with the curvature 2-forms (Ωε,ρ)ij of any connection ∇ε,ρ, which are needed for the proofs of
the results of Sections 3, 4, 5 and 6.
2. A family of metric connections and the Strominger system
In this section we introduce a family of metric connections that extends the connections in the canonical
1-parameter family of Hermitian connections and also includes other connections which are of interest in
the Strominger system.
Let (M,J, g) be a Hermitian manifold. A Hermitian connection ∇ is a linear connection defined on the
tangent bundle TM such that both the metric and the complex structure are parallel, i.e. ∇g = 0 and
∇J = 0. Gauduchon introduced in [12] a 1-parameter family {∇t}t∈R of canonical Hermitian connections
which are distinguished by the properties of the torsion tensor. This family is given by
g(∇tXY, Z) = g(∇LCX Y,Z) +
1− t
4
T (X,Y, Z) +
1 + t
4
C(X,Y, Z),
where F (·, ·) = g(·, J ·) is the associated fundamental 2-form, C(·, ·, ·) = dF (J ·, ·, ·) denotes the torsion
of the Chern connection ∇c, and T (·, ·, ·) = JdF (·, ·, ·) = −dF (J ·, J ·, J ·) stands for the torsion 3-form of
the Bismut connection ∇+. Actually, ∇+ and ∇c are recovered when t = −1 and t = 1, respectively.
The family of Hermitian connections {∇t}t∈R has been recently considered in [11] to find solutions to
the Strominger system, but there are other connections which have also been proposed, as for instance the
Levi-Civita connection ∇LC and the ∇−-connection (see [1, 7, 8, 9, 10] and the references therein). This
leads us to consider the following extension of the canonical 1-parameter family of Hermitian connections.
For any (ε, ρ) ∈ R2, we consider the connection ∇ε,ρ given by
(2) g(∇ε,ρX Y, Z) = g(∇LCX Y,Z) + ε T (X,Y, Z) + ρC(X,Y, Z).
In particular, the 1-parameter family ∇t corresponds to ∇ε, 12−ε, that is, ρ = 12 − ε and t = 1 − 4ε.
Note also that ∇c = ∇0, 12 , ∇± = ∇± 12 ,0 and ∇LC = ∇0,0 (see Figure 1).
In the following result we obtain the relation between the covariant derivatives of the complex struc-
ture J with respect to the Levi-Civita connection and the connection ∇ε,ρ.
4ρ
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Figure 1. The family of metric connections∇ε,ρ that extends the canonical 1-parameter
family of Hermitian connections ∇t.
Proposition 2.1. Let (M,J, g) be a Hermitian manifold. For each (ε, ρ) ∈ R2, the connection ∇ε,ρ
defined by (2) is a linear and metric connection that satisfies
(3) ∇ε,ρJ = −2
(
ε+ ρ− 1
2
)
∇LCJ.
Therefore, if (M,J, g) is not Ka¨hler then, the connection ∇ε,ρ is Hermitian if and only if ρ = 12 − ε.
Proof. It is straightforward to check that ∇ε,ρ is a linear and metric connection on the tangent bundle
TM . The proof of the equality (3) involves a long but standard computation that uses properties of the
Levi-Civita connection, Hermitian metrics and integrable almost-complex structures. Let us sketch the
proof.
Using general properties of the covariant derivative ∇J of a linear connection ∇ and the definition of
∇ε,ρ we get
g((∇ε,ρX J)Y,Z) = g(∇ε,ρX JY, Z)− g(J(∇ε,ρX Y ), Z)
= g(∇ε,ρX JY, Z) + g(∇ε,ρX Y, JZ)
= g(∇LCX JY, Z) + g(∇LCX Y, JZ) +
(ε+ ρ)(dF (JX, JY, Z) + dF (JX, Y, JZ)).
The definition of F and the exterior differential of a 3-form lead to the following relation:
dF (JX, JY, Z) + dF (JX, Y, JZ) = −2(g(∇LCX JY, Z) + g(∇LCX Y, JZ));
therefore, we can express g((∇ε,ρX J)Y,Z) simply as
g((∇ε,ρX J)Y,Z) =
(
1− 2(ε+ ρ)
) (
g(∇LCX JY, Z) + g(∇LCX Y, JZ)
)
.
Now, using properties of the Levi-Civita connection it is possible to transform this expression into
(4) g((∇ε,ρX J)Y,Z) =
(
ε+ ρ− 1
2
) (
g(Y, (∇LCX J)Z)− g((∇LCX J)Y,Z)
)
.
Observe that equation (4) holds for any pair (ε, ρ). In particular, if (ε, ρ) = (0, 0), ∇ε,ρ = ∇LC and
applying (4) we obtain that
g(Y, (∇LCX J)Z) = −g((∇LCX J)Y,Z).
5Substituting this value in (4) we get
g((∇ε,ρX J)Y,Z) = −2
(
ε+ ρ− 1
2
)
g((∇LCX J)Y, Z).
Since the Levi-Civita connection is Hermitian if and only if the metric g is Ka¨hler, we deduce finally
that ∇ε,ρJ = 0 if and only if ε+ ρ = 12 . 
Let (M,J, g) be a compact Hermitian manifold of complex dimension 3, and let F be the fundamental
2-form. The Strominger system requires that the compact complex manifold X = (M,J) is endowed
with a non-vanishing holomorphic (3,0)-form Ψ, so that (J, F,Ψ) is an SU(3)-structure. Moreover, the
following system of equations must be satisfied [1]:
(a) Gravitino equation: the holonomy of the Bismut connection ∇+ is contained in SU(3).
(b) Dilatino equation: the Lee form θ = − 12Jd∗F , where d∗ denotes the formal adjoint of d with
respect to the metric g, is exact; that is, θ = 2dφ, φ being the dilaton function.
(c) Gaugino equation: there is a Donaldson-Uhlenbeck-Yau instanton, that is, a connection A with
curvature ΩA satisfying the Hermitian-Yang-Mills equation: ΩA∧F 2 = 0, (ΩA)0,2 = (ΩA)2,0 = 0.
(d) Anomaly cancellation condition, i.e. equation (1):
dT = 2pi2α′
(
p1(∇)− p1(A)
)
,
for some real non-zero constant α′. Here p1 denotes the 4-form representing the first Pontrjagin
class of the corresponding connection, i.e. in terms of the curvature Ω it is given by p1 =
1
8pi2 tr Ω ∧ Ω.
The Strominger system was reformulated by Li and Yau in [5], where they showed that instead of the
equations (a) and (b) one can equivalently consider the equation
(5) d(‖Ψ‖F F 2) = 0,
where ‖Ψ‖F is the norm of the form Ψ measured using the Hermitian metric F . The equation (5) implies
the existence of a balanced metric F˜ just by modifying the metric F conformally as F˜ =‖Ψ‖1/2F F .
We will look for solutions to the Strominger system with respect to the connections∇ε,ρ in the anomaly
cancellation condition, i.e. ∇ = ∇ε,ρ. As we have seen above, this family includes the canonical Hermitian
connections∇t, the Levi-Civita connection∇LC and the connection∇−. Moreover, a result due to Ivanov
in [17] asserts that a solution of the Strominger system satisfies the heterotic equations of motion if and
only if the connection ∇ in the anomaly cancellation condition is an instanton.
In the following sections we provide new solutions to the Strominger system and to the heterotic
equations of motion. We will put special attention to solutions with α′ positive and non-flat instanton
A. Notice that since we look for solutions which are invariant, the dilaton function φ will always be
constant, that is, the Lee 1-form θ vanishes identically. The invariance of the non-vanishing holomorphic
(3,0)-form Ψ implies that the function ‖Ψ‖F is constant, too. By (5) this condition is equivalent to the
closedness of the form F 2, i.e. the Hermitian structure F is balanced.
From now on, the manifold M = G/Γ will be a compact quotient of a Lie group G by a lattice Γ,
endowed with an invariant Hermitian structure (J, g), that is, (J, g) can be defined at the level of the Lie
algebra g of G. Let {e1, . . . , e6} be a basis of g∗ adapted to the Hermitian structure, and let {e1, . . . , e6}
be its dual basis for g; that is to say, the complex structure J and the metric g express in this basis as
Je1 = −e2, Je3 = −e4, Je5 = −e6, g = e1 ⊗ e1 + · · ·+ e6 ⊗ e6.
Hence, the fundamental 2-form F is given by F = e12 + e34 + e56. Here, and from now on, we will denote
the wedge product ei1 ∧ . . . ∧ eik briefly by ei1 ... ik .
Let ckij be the structure constants of the Lie algebra g with respect to the basis {e1, . . . , e6}, that is,
the structure equations of g are
d ek =
∑
1≤i<j≤6
ckij e
ij , k = 1, . . . , 6.
6Given any linear connection ∇, the connection 1-forms σij with respect to the basis above are
σij(ek) = g(∇ekej , ei),
i.e. ∇Xej = σ1j (X) e1 + · · · + σ6j (X) e6. The curvature 2-forms Ωij of ∇ are then given in terms of the
connection 1-forms σij by
(6) Ωij = dσ
i
j +
∑
1≤k≤6
σik ∧ σkj .
Now, we provide explicit expressions for the connection 1-forms (σε,ρ)ij of the metric connection ∇ε,ρ.
Since dek(ei, ej) = −ek([ei, ej ]) and the basis {e1, . . . , e6} is orthonormal, the Levi-Civita connection
1-forms (σLC)ij of the metric g express in terms of the structure constants c
k
ij as
(σLC)ij(ek) = −
1
2
(g(ei, [ej , ek])− g(ek, [ei, ej ]) + g(ej , [ek, ei])) = 1
2
(cijk − ckij + cjki),
and therefore the connection 1-forms (σε,ρ)ij of the connection ∇ε,ρ are given by
(σε,ρ)ij(ek) = (σ
LC)ij(ek) + ε T (ek, ej , ei) + ρC(ek, ej , ei)
=
1
2
(cijk − ckij + cjki)− ε T (ei, ej , ek)− ρC(ek, ei, ej)(7)
=
1
2
(cijk − ckij + cjki) + ε dF (Jei, Jej , Jek)− ρ dF (Jek, ei, ej).
The connections A satisfying the gaugino equation, i.e. equation (c) in the Strominger system, that
we will consider in this paper are all defined on the tangent bundle. Moreover, the connection A will
be an SU(3)-connection, i.e. A will be compatible with the SU(3)-structure (J, F,Ψ). One can easily
express both the latter compatibility condition and the gaugino condition in terms of a basis adapted to
the SU(3)-structure, i.e. in terms of a basis {e1, . . . , e6} satisfying
Je1 = −e2, Je3 = −e4, Je5 = −e6, F = e12 + e34 + e56, Ψ = (e1 + ie2) ∧ (e3 + ie4) ∧ (e5 + ie6).
Indeed, if (σA)ij are the connection 1-forms of a linear connection A in the adapted basis and (Ω
A)ij the
curvature 2-forms, then
(i) the connection A is compatible with the SU(3)-structure, i.e. AJ = AF = AΨ = 0, if and only
if the connection 1-forms satisfy the following identities:
(8)
(σA)ji = −(σA)ij , (σA)12 + (σA)34 + (σA)56 = 0,
(σA)13 = (σ
A)24, (σ
A)14 = −(σA)23, (σA)15 = (σA)26, (σA)16 = −(σA)25,
(σA)35 = (σ
A)46, (σ
A)36 = −(σA)45;
(ii) the connection A is an instanton, i.e. ΩA ∧F 2 = 0 and (ΩA)0,2 = (ΩA)2,0 = 0, if and only if the
curvature 2-forms satisfy the following conditions:
(9)
(ΩA)ij(e1, e2) + (Ω
A)ij(e3, e4) + (Ω
A)ij(e5, e6) = 0,
(ΩA)ij(Jek, Jel)− (ΩA)ij(ek, el) = 0,
for any 1 ≤ i, j, k, l ≤ 6.
3. The nilmanifold h3
In this section we construct many invariant solutions on a nilmanifold when we set the connection ∇ in
the anomaly cancellation equation to be a connection in the ansatz ∇ε,ρ. In particular, we recover the
solutions previously found in [10, 13].
We recall that a nilmanifold is a compact quotient of a simply-connected nilpotent Lie group G by
a lattice Γ of maximal rank. If g is the Lie algebra of G, then any structure defined on g will descend
naturally to an invariant structure on the nilmanifold. Here we take G as the product Lie group of R by
the 5-dimensional generalized Heisenberg group. We will denote by h3 the Lie algebra of G.
7Let us recall that h3 has, up to isomorphism, two complex structures J
±, but only J− admits balanced
metrics. There is a (1, 0)-basis {ωi}3i=1 for which the complex equations of J− are
(10) J− : dω1 = dω2 = 0, dω3 = ω11¯ − ω22¯.
Moreover, by [13, Lemma 2.10] any balanced J−-Hermitian structure is isomorphic to one and only one
in the following family:
(11) 2Ft = i (ω
11¯ + ω22¯ + t2 ω33¯),
where t ∈ R− {0}.
For each t 6= 0, we consider the basis of (real) 1-forms {e1, . . . , e6} given by
(12) e1 + i e2 = ω1, e3 + i e4 = ω2, e5 + i e6 = t ω3.
This basis is adapted to the balanced structure (J−, Ft) in the sense that both the complex structure
and the fundamental form express canonically as
(13) J−(e1) = −e2, J−(e3) = −e4, J−(e5) = −e6, Ft = e12 + e34 + e56.
We will consider the holomorphic (3,0)-form Ψt given by
(14) Ψt = (e
1 + i e2) ∧ (e3 + i e4) ∧ (e5 + i e6) = t ω123.
Hence, for each t 6= 0, we have an invariant SU(3)-structure (J−, Ft,Ψt) on a nilmanifold with underlying
Lie algebra h3.
From (10) and (12), the (real) structure equations in terms of the adapted basis {ej}6j=1 are:
(15) dej = 0, 1 ≤ j ≤ 5, de6 = −2t(e12 − e34).
Remark 3.1. In [13] the authors found instantons Aλ, λ ∈ R, for each SU(3)-structure (J−, Ft,Ψt).
The connection Aλ is defined on the tangent bundle by the following connection 1-forms:
(σAλ)12 = −(σAλ)21 = −(σAλ)34 = (σAλ)43 = λ(e5 + e6),
and (σAλ)ij = 0, for any (i, j) 6= (1, 2), (2, 1), (3, 4), (4, 3). By (8) the connection is compatible with the
SU(3)-structure (J−, Ft,Ψt), and one can verify that Aλ satisfies (9). Furthermore,
p1(Aλ) = −2 t
2λ2
pi2
e1234,
and the instanton Aλ is non-flat if and only if λ 6= 0.
Let us consider now the family of connections ∇ε,ρ introduced in Section 2. In [10] it is proved that the
Bismut connection ∇+ is an instanton. In the following result we prove that ∇+ is the only connection
in the family ∇ε,ρ satisfying the instanton condition.
Proposition 3.2. The connection ∇ε,ρ is an instanton with respect to an SU(3)-structure (J−, Ft,Ψt),
i.e. ∇ε,ρ satisfies (9), if and only if (ε, ρ) = (12 , 0), i.e. ∇ε,ρ = ∇+.
Proof. Let (Ωε,ρ)ij be the curvature 2-forms of the connection ∇ε,ρ. The form (Ωε,ρ)12 satisfies (see
Appendix 8.1 for details):
(Ωε,ρ)12(e1, e2) + (Ω
ε,ρ)12(e3, e4) + (Ω
ε,ρ)12(e5, e6) = −((1− 2ε)2 + 4ρ2)t2.
Since t 6= 0, the latter expression vanishes if and only if ε = 12 and ρ = 0, that is, if and only if ∇ε,ρ
is the Bismut connection ∇+. Moreover, looking at the curvature forms given in Appendix 8.1 when
ε = 12 and ρ = 0, we see that all the curvature forms (Ω
+)ij vanish except for (Ω
+)12 and (Ω
+)34. Since
(Ω+)34 = −(Ω+)12 = 4t2e12 − 4t2e34, one concludes that the equations (9) are satisfied for A = ∇+. 
The following result sums up our conclusions on non-trivial solutions to the Strominger system for
h3 with respect to the connections ∇ε,ρ in the anomaly cancellation condition (see also Figure 2). We
put special attention to the solutions with positive α′ and to the solutions with respect to the preferred
connections (i.e. ∇LC , ∇± and ∇c) and the Hermitian connections ∇t in the anomaly cancellation
condition. We also distinguish the solutions that satisfy the heterotic equations of motion.
8ε
ρ
•∇
−
•∇
LC
•∇
+
• ∇C
α′ > 0
Figure 2. Solutions on a nilmanifold with underlying Lie algebra h3 with respect to the
connections ∇ε,ρ; the Bismut connection ∇+ satisfies in addition the heterotic equations
of motion. The dashed region corresponds to solutions with α′ > 0.
Theorem 3.3. On a nilmanifold with underlying Lie algebra h3 endowed with an SU(3)-structure given
by (13)-(14), the Strominger system has invariant solutions for any connection ∇ε,ρ and with a non-flat
instanton Aλ. More concretely:
(i) If ρ ≥ ε+ 12 , then there exist solutions to the Strominger system with respect to the connection ∇ε,ρ
in the anomaly cancellation condition, with non-flat instanton and with α′ < 0. In particular,
there are solutions with respect to the connection ∇− (ε = − 12 , ρ = 0) and with respect to the
Hermitian connection ∇t for any t ≥ 1, which includes the Chern connection ∇c.
(ii) If ρ < ε+ 12 , then there exist solutions to the Strominger system with respect to the connection ∇ε,ρ
in the anomaly cancellation condition, with α′ > 0 and with non-flat instanton. In particular,
there are solutions with respect to the Levi-Civita connection ∇LC (ε = ρ = 0) and with respect
to the Hermitian connection ∇t for any t < 1, which includes the Bismut connection ∇+.
(iii) Furthermore, for the Bismut connection ∇+, the solutions satisfy the heterotic equations of motion
with α′ > 0 and non-flat instanton.
Proof. Since T = J−dFt = −2t(e126 − e346), we have that dT = −8t2e1234.
We will use the instantons Aλ found in [13] (see Remark 3.1) to solve the anomaly cancellation condition
with respect to the connections ∇ε,ρ. From the curvature 2-forms of ∇ε,ρ given in Appendix 8.1, it is
straightforward to verify that
p1(∇ε,ρ) = − (1 + 2ε− 2ρ)(3 + 4ε
2 − 4ρ+ 4ρ2)t4
pi2
e1234.
Hence,
2pi2α′
(
p1(∇ε,ρ)− p1(Aλ)
)
= 2t2α′
(
2λ2 − t2(1 + 2ε− 2ρ)(3 + 4ε2 − 4ρ+ 4ρ2)
)
e1234.
Comparing this expression with dT = −8t2e1234, we must prove that there is a non-zero constant α′ such
that
t2(1 + 2ε− 2ρ)(3 + 4ε2 − 4ρ+ 4ρ2)− 2λ2 = 4
α′
.
Notice that here λ is the parameter defining the instanton Aλ, and that Aλ is non-flat if and only if λ 6= 0
(see Remark 3.1). Observe also that 3 + 4ε2 − 4ρ + 4ρ2 = (1 − 2ρ)2 + 2(1 + 2ε2) > 0. Now, taking an
instanton Aλ with sufficiently small non-zero λ, we conclude that there exist solutions to the Strominger
system with α′ > 0 if and only if
1 + 2ε− 2ρ > 0.
9This proves (ii), and the proof of (i) is direct since 1 + 2ε− 2ρ ≤ 0 implies that α′ must be negative, after
taking any instanton Aλ with λ 6= 0.
Finally, if ∇ε,ρ = ∇+ then by Proposition 3.2 and [17] we obtain that the solutions satisfy the heterotic
equations of motion, which proves (iii). 
Notice that this result extends the main results found in [10] and [13] on a nilmanifold with underlying
Lie algebra h3 to other connections ∇ε,ρ in the anomaly cancellation condition.
4. sl(2,C) revisited
In this section we consider invariant solutions on a compact quotient of the complex Lie group SL(2,C).
This manifold has been studied recently in [11] (see also [16]), where several solutions to the Strominger
system are obtained with flat as well as with non-flat instanton, with respect to the family of canonical
Hermitian connections ∇t in the anomaly cancellation condition. Here we revisit this manifold with two
main purposes: to extend the existence of invariant solutions to the more general family of connections
∇ε,ρ, and to show that this manifold provides solutions to the heterotic equations of motion with respect
to the Bismut connection. The latter was suggested by Andreas and Garc´ıa-Ferna´ndez in [16] but, to our
knowledge, it has not been proved yet.
The complex(-parallelizable) structure J on SL(2,C) can be described by means of a left-invariant
basis of (1, 0)-forms {ω1, ω2, ω3} satisfying the equations
(16) J : dω1 = ω23, dω2 = −ω13, dω3 = ω12.
Since J is complex-parallelizable, it is well known by [19] that any left-invariant Hermitian metric is
balanced. We will consider on the Lie algebra sl(2,C) the following particular family of balanced metrics
(17) 2Ft = i t
2(ω11¯ + ω22¯ + ω33¯),
where t ∈ R− {0}.
For each t 6= 0, let us consider the basis of (real) 1-forms {e1, . . . , e6} given by
(18) e1 + i e2 = t ω1, e3 + i e4 = t ω2, e5 + i e6 = t ω3.
This basis is adapted to the balanced structure (J, Ft) since the complex structure and the fundamental
form express canonically
(19) Je1 = −e2, Je3 = −e4, Je5 = −e6, Ft = e12 + e34 + e56.
We consider the holomorphic (3,0)-form Ψt given by
(20) Ψt = (e
1 + i e2) ∧ (e3 + i e4) ∧ (e5 + i e6) = t3 ω123.
Hence, for each t 6= 0, we have an SU(3)-structure (J, Ft,Ψt) on sl(2,C).
From (16) and (18), the (real) structure equations in terms of the adapted basis of 1-forms {ej}6j=1
are:
(21)

de1 = 1t
(
e35 − e46) ,
de2 = 1t
(
e36 + e45
)
,
de3 = − 1t
(
e15 − e26) ,
de4 = − 1t
(
e16 + e25
)
,
de5 = 1t
(
e13 − e24) ,
de6 = 1t
(
e14 + e23
)
.
Since the complex structure J is complex-parallelizable, the Chern connection ∇c is flat. In the
following result we prove that there is only one non-flat instanton in the family ∇ε,ρ, which is precisely
the Bismut connection.
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Proposition 4.1. The connection ∇ε,ρ is an instanton with respect to an SU(3)-structure (J, Ft,Ψt) if
and only if (ε, ρ) = (0, 12 ) or (
1
2 , 0), i.e. if and only if ∇ε,ρ is the Chern connection ∇c or the Bismut
connection ∇+. The Chern connection is flat, but for the Bismut connection one has
p1(∇+) = − 2
pi2t4
(e1234 + e1256 + e3456).
Proof. Let (Ωε,ρ)ij be the curvature 2-forms of the connection ∇ε,ρ, which are given in Appendix 8.2.
The form (Ωε,ρ)12 satisfies
(Ωε,ρ)12(e1, e2) + (Ω
ε,ρ)12(e3, e4) + (Ω
ε,ρ)12(e5, e6) = −
(1− 2ε− 2ρ)2
t2
.
The latter expression vanishes if and only if ρ = 12−ε, that is, if and only if∇ε,ρ is a Hermitian connection.
Moreover, for ρ = 12 − ε, we have that
(Ωε,ρ)13(Je2, Je4) = (Ω
ε,ρ)13(e2, e4)
if and only if
4ε(1− 4ε)
t2
= −4ε
t2
,
which implies that ε = 0, and then the connection is ∇c, or ε = 12 , and then the connection is ∇+.
For the Chern connection all the curvature forms vanish, i.e. ∇c is flat. In the second case, i.e. for
the Bismut connection, the non-zero curvature forms (Ω+)ij = (Ω
1
2 ,0)ij are:
(22)
(Ω+)13 = (Ω
+)24 = − 2t2 (e13 + e24),
(Ω+)15 = (Ω
+)26 = − 2t2 (e15 + e26),
(Ω+)35 = (Ω
+)46 = − 2t2 (e35 + e46).
Since the equations (9) are satisfied for A = ∇+, we conclude that the Bismut connection is a (non-flat)
instanton. Finally, (22) implies that
tr Ω+ ∧ Ω+ = −16
t4
(e1234 + e1256 + e3456).

Remark 4.2. For other balanced metrics on sl(2,C) more general than the metrics Ft, we arrived at the
conclusion than whenever ∇ε,ρ satisfied the instanton condition, the metric was isomorphic to Ft. This
is the reason why we are focusing on the family of SU(3)-structures (J, Ft,Ψt).
Next, we will solve the anomaly cancellation condition with respect to the connections ∇ε,ρ. From the
curvature 2-forms of ∇ε,ρ given in Appendix 8.2, it is straightforward to verify that
p1(∇ε,ρ) = −β(ε, ρ)
4pi2t4
(e1234 + e1256 + e3456),
where
(23) β(ε, ρ) = 1 + 4ε+ 4ε2 + 32ε3 − 12ρ− 24ερ− 32ε2ρ+ 36ρ2 + 32ερ2 − 32ρ3.
In the following result we obtain many solutions to the Strominger system, including solutions to the
heterotic equations of motion. Special attention is given to the solutions with positive α′ and to the
solutions with respect to the preferred and Hermitian connections in the anomaly cancellation condition.
We distinguish the case when the instanton is flat and the case when the instanton is non-flat.
Theorem 4.3. On a compact quotient of SL(2,C) endowed with an SU(3)-structure given by (19)-(20),
the Strominger system has invariant solutions for any connection ∇ε,ρ. More concretely:
(i) For any (ε, ρ) ∈ R2 such that β(ε, ρ) 6= 0, there exist solutions to the Strominger system with
respect to the connection ∇ε,ρ in the anomaly cancellation condition, with flat instanton and
sign (α′) = sign (β(ε, ρ)). In particular:
(i.1) there exist solutions with α′ > 0 and flat instanton, for the Levi-Civita connection ∇LC and
for any Hermitian connection ∇t with t < 0;
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(i.2) for (ε, ρ) = ( 12 , 0), i.e. for the Bismut connection ∇+, the solutions satisfy the heterotic
equations of motion with α′ > 0 and flat instanton.
(ii) For any (ε, ρ) ∈ R2 such that β(ε, ρ) 6= 8, there exist solutions to the Strominger system with
respect to the connection ∇ε,ρ in the anomaly cancellation condition, with non-flat instanton
A = ∇+ and sign (α′) = sign (β(ε, ρ)− 8). In particular, there exist solutions with non-flat
instanton and α′ > 0 for any Hermitian connection ∇t with t < −1.
Proof. Since the torsion is given by T = JdFt = − 1t (3 e135 + e146 + e236 + e245), we have
dT = − 4
t2
(e1234 + e1256 + e3456).
If we consider the case of flat instanton, then the anomaly cancellation condition with respect to the
connection ∇ε,ρ reads as
− 4
t2
(e1234 + e1256 + e3456) = dT = 2pi2α′p1(∇ε,ρ) = −α′ β(ε, ρ)
2t4
(e1234 + e1256 + e3456),
where β(ε, ρ) is given in (23). This implies that α′β(ε, ρ) = 8t2 > 0, so whenever β(ε, ρ) 6= 0 there is a
solution to the Strominger system with sign (α′) = sign (β(ε, ρ)).
In particular, if ε = ρ = 0, i.e. the connection is the Levi-Civita connection, then β(0, 0) = 1; if
ρ = 12 − ε, i.e. the connection is Hermitian, then β
(
ε, 12 − ε
)
= 32 ε2(4ε − 1) is positive if and only if
ε > 14 . This proves (i.1).
For the proof of (i.2), from Proposition 4.1 and [17] it follows that the solution for ∇+ satisfies the
heterotic equations of motion.
In order to prove (ii) we will consider the non-flat instanton A = ∇+ in the anomaly cancellation
condition. Hence, we have to solve
− 4t2 (e1234 + e1256 + e3456) = dT = 2pi2α′(p1(∇ε,ρ)− p1(∇+))
= −α′ β(ε,ρ)−82t4 (e1234 + e1256 + e3456),
that is, α′ (β(ε, ρ)− 8) = 8t2 > 0, so whenever β(ε, ρ) 6= 8 there is a solution with sign (α′) =
sign (β(ε, ρ)− 8). In particular, for Hermitian connections we have
β(ε, 1/2− ε)− 8 = 8(2ε− 1)(8ε2 + 2ε+ 1),
which is positive if and only if ε > 12 . 
Remark 4.4. Notice that in the non-flat instanton case, i.e. case (ii) in Theorem 4.3, there is no invariant
solution with α′ > 0 for any of the preferred connections ∇LC , ∇± or ∇c. In fact, for these connections
we have that β(0, 0) = 1, β( 12 , 0) = 8, β(− 12 , 0) = −4 and β(0, 12 ) = 0, so β − 8 < 0 in any case.
We also notice that for the particular case of Hermitian connections ∇t, the previous theorem is in
accord with the results in [11, Theorem 3.6 and Section 4]. In fact, if ρ = 12 − ε then we can take
4 ε = 1− t, and then
β(ε, 1/2− ε)− 8 = −2 [(1− 4 ε)(4 ε)2 + 4] = −2 [t(t− 1)2 + 4] ;
now, by Theorem 4.3 (ii) we conclude that α′ > 0 if and only if t(t− 1)2 + 4 < 0, which is precisely the
condition given in [11, page 1194] for the non-flat invariant solutions on sl(2,C).
5. The solvmanifold g7
In this section we construct many new invariant solutions to the Strominger system on a solvmanifold with
respect to the connections ∇ε,ρ in the anomaly cancellation condition. In particular, we find solutions
for the Chern connection ∇c with non-flat instanton and positive α′. Moreover, some solutions satisfy in
addition the heterotic equations of motion.
Recall that a solvmanifold is a compact quotient of a simply-connected solvable Lie group G by a lattice
Γ of maximal rank. As in the previous sections, we will consider invariant structures on the solvmanifold.
In [18, Theorem 2.8] the Lie algebras underlying the 6-dimensional solvmanifolds that admit an invariant
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complex structure with holomorphically trivial canonical bundle were classified. One of such Lie algebras
is the one denoted by g7, whose structure equations are given by
dβ1 = β24 + β35, dβ2 = β46, dβ3 = β56, dβ4 = −β26, dβ5 = −β36, dβ6 = 0.
Moreover, the simply-connected solvable Lie group corresponding to g7 admits lattices of maximal rank
(see [18, Proposition 2.10] for more details). Recall that, given a solvmanifold M = G/Γ, the lattice deter-
mines the topology and is actually its fundamental group. By [20], two solvmanifolds having isomorphic
fundamental groups are diffeomorphic. Next we will construct invariant solutions on a solvmanifold with
underlying Lie algebra isomorphic to g7.
As it is proved in [18, Proposition 3.6], up to equivalence, there exist only two complex structures
on g7 such that the associated canonical bundle on the complex solvmanifold is holomorphically trivial.
From now on, we will denote these complex structures by Jδ, where δ = ±1. There is a basis {ω1δ , ω2δ , ω3δ}
of forms of type (1,0) with respect to Jδ given by
ω1δ = β
4 + i β2, ω2δ = β
3 + i β5, ω3δ =
1
2
β6 + 2i δβ1.
Hence, the complex structure equations of Jδ are
(24) Jδ : dω
1
δ = i ω
1
δ∧(ω3δ+ ω3¯δ ), dω2δ =−i ω2δ∧(ω3δ+ ω3¯δ ), dω3δ = δ (ω11¯δ − ω22¯δ ),
where δ = ±1. Notice that the (3,0)-form ω1δ ∧ ω2δ ∧ ω3δ is closed.
In [18, Theorem 4.5] it is proved that any balanced metric on (g7, Jδ) is given by
(25) 2F δr,t,u = i (r
2ω11¯δ + r
2ω22¯δ + t
2ω33¯δ ) + uω
12¯
δ − u¯ ω21¯δ ,
where r, t ∈ R− {0} and u ∈ C with r2 − |u| > 0.
Let us consider the real basis of 1-forms {e1, . . . , e6} on g7 defined as
e1 + i e2 =
√
r4 − |u|2
r
ω1δ , e
3 + i e4 =
u
r
ω1δ + ir ω
2
δ , e
5 + i e6 = t ω3δ .
One can check that the basis {e1, . . . , e6} is adapted to the balanced structure (Jδ, F δr,t,u). In fact, the
complex structure and the fundamental form express canonically as
(26) Jδ(e
1) = −e2, Jδ(e3) = −e4, Jδ(e5) = −e6, F δr,t,u = e12 + e34 + e56.
We consider the holomorphic (3,0)-form Ψδr,t,u given by
(27) Ψδr,t,u = (e
1 + i e2) ∧ (e3 + i e4) ∧ (e5 + i e6) = i t
√
r4 − |u|2 ω123δ .
Hence, for δ = ±1 and for each r, t ∈ R − {0} and u ∈ C such that r2 > |u|, we have an invariant
SU(3)-structure (Jδ, F
δ
r,t,u,Ψ
δ
r,t,u) on any solvmanifold with underlying Lie algebra isomorphic to g7.
Let us write u = u1 + i u2. In the adapted basis {e1, . . . , e6} one has that the (real) structure equations
of g7 are
(28)

de1 = − 2t e25,
de2 = 2t e
15,
de3 = − 4
t
√
r4−|u|2 (u2 e
15 + u1 e
25) + 2t e
45,
de4 = 4
t
√
r4−|u|2 (u1 e
15 − u2 e25)− 2t e35,
de5 = 0,
de6 = − 2δtr2
[
e12 − e34 − u2√
r4−|u|2 (e
13 + e24) + u1√
r4−|u|2 (e
14 − e23)
]
.
The following result provides instantons that we will use for solving the anomaly cancellation condition.
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Proposition 5.1. For each λ, µ ∈ R, let Aλ,µ be the linear connection defined by the connection 1-forms
(σAλ,µ)12 = −(σAλ,µ)21 = −(σAλ,µ)34 = (σAλ,µ)43 = λ e5 + µ e6,
and (σAλ,µ)ij = 0 for any other (i, j) 6= (1, 2), (2, 1), (3, 4), (4, 3). Then, the connection Aλ,µ is compat-
ible with any SU(3)-structure (Jδ, F
δ
r,t,u,Ψ
δ
r,t,u), and it satisfies the instanton condition. Moreover, the
instanton Aλ,µ is non-flat if and only if µ 6= 0, and
p1(Aλ,µ) = − 2µ
2t2
pi2(r4 − |u|2) e
1234.
Proof. It is clear that the connection 1-forms satisfy (8), so Aλ,µ is compatible with any SU(3)-structure
(Jδ, F
δ
r,t,u,Ψ
δ
r,t,u). From (6), and using the equations (28), it follows that the only non-zero curvature
forms (ΩAλ,µ)ij of the connection Aλ,µ are
(ΩAλ,µ)12 = −(ΩAλ,µ)21 = −(ΩAλ,µ)34 = (ΩAλ,µ)43
= −δ 2µtr2 (e12 − e34) + δ 2µtu2r2√r4−|u|2 (e
13 + e24)− δ 2µtu1
r2
√
r4−|u|2 (e
14 − e23).
Now, it is easy to see that Aλ,µ satisfies the conditions (9), so it is an instanton. A direct calculation
using the previous curvature forms shows that p1(Aλ,µ) is given as above. 
Using the instantons found in Proposition 5.1, our goal is to solve the anomaly cancellation condition
dT = 2α′pi2(p1(∇ε,ρ)− p1(Aλ,µ)),
that is to say, we will find which are the connections ∇ε,ρ solving this equation with respect to some
instanton Aλ,µ and with α
′ 6= 0, putting special attention to the preferred connections and to the cases
when α′ is positive and the instanton Aλ,µ is non-flat (i.e. µ 6= 0). We need first to find the expressions
of the 4-forms dT and p1(∇ε,ρ).
Using the structure equations (28) we get that the torsion 3-form T = Jδ dF
δ
r,t,u is given by
T = − 2
r2
[
δ t (e12 − e34)− δ t
2 u2 − 2 r2 u1
t
√
r4 − |u|2 (e
13 + e24) +
δ t2 u1 + 2 r
2 u2
t
√
r4 − |u|2 (e
14 − e23)
]
∧ e6.
Hence, using again (28), the 4-form dT is
(29) dT = − 8 t2r4−|u|2 e1234 − 16t2√r4−|u|2
[
2|u|2√
r4−|u|2 e
1256 + u2 (e
1356 + e2456)− u1 (e1456 − e2356)
]
.
On the other hand, the curvature 2-forms of the connection ∇ε,ρ are given in Appendix 8.3, and a
long but straightforward calculation allows to find the first Pontrjagin form of ∇ε,ρ, which is given by
(30)
p1(∇ε,ρ) = −X(ε,ρ) t
4+Y (ε,ρ) |u|2
pi2(r4−|u|2)2 e
1234
− 4 (Z(ε,ρ) t4+W (ε,ρ) |u|2)
pi2t4(r4−|u|2)3/2
[
2|u|2√
r4−|u|2 e
1256 + u2 (e
1356 + e2456)− u1 (e1456 − e2356)
]
,
where
(31)
X(ε, ρ) = (1 + 2ε− 2ρ) [4ε2 + (1− 2ρ)2 + 2] ,
Y (ε, ρ) = −4(1− 2ε+ 2ρ) [4ε2 + (1− 2ρ)2 − 2]− 8,
Z(ε, ρ) = (1 + ε− ρ) [4ε2 + (1− 2ρ)2 − 4]+ 3,
W (ε, ρ) = 4(ε− ρ) [4ε2 + (1− 2ρ)2] .
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From the expressions of dT , p1(∇ε,ρ) and p1(Aλ,µ), respectively given by (29), (30) and Proposition 5.1,
the anomaly cancellation condition reduces to the following system of two equations
8 t2
r4−|u|2 =
α′
4
(
8
(r4−|u|2)2 (X(ε, ρ) t
4 + Y (ε, ρ) |u|2)− 16µ2t2r4−|u|2
)
,
32 |u|2
t2(r4−|u|2) =
α′
4
64 |u|2
t4(r4−|u|2)2 (Z(ε, ρ) t
4 +W (ε, ρ) |u|2),
which is equivalent to
(32)

4 t2(r4 − |u|2) = α′
(
X(ε, ρ) t4 + Y (ε, ρ) |u|2 − 2µ2t2(r4 − |u|2)
)
,
2 |u|2t2(r4 − |u|2) = α′ |u|2
(
Z(ε, ρ) t4 +W (ε, ρ) |u|2
)
.
In view of the second equality in (32), we will distinguish two cases depending on the vanishing of the
(metric) coefficient u. Another important reason to distinguish the cases u = 0 and u 6= 0, is the following
result, which proves that the connection ∇ε,ρ satisfies the instanton condition if and only if ∇ε,ρ = ∇+
and u = 0. We will use this fact in Section 5.1 to provide new solutions to the heterotic equations of
motion.
Proposition 5.2. The connection ∇ε,ρ is an instanton with respect to an SU(3)-structure
(Jδ, F
δ
r,t,u,Ψ
δ
r,t,u) if and only if u = 0 and (ε, ρ) = (
1
2 , 0), i.e. the metric coefficient u vanishes and
∇ε,ρ is the Bismut connection ∇+. Furthermore, if u = 0 then the Bismut connection satisfies
p1(∇+) = − 8 t
4
pi2r8
e1234.
Proof. Let (Ωε,ρ)ij be the curvature 2-forms of the connection ∇ε,ρ, which are given in Appendix 8.3. We
impose the conditions (9). From
(Ωε,ρ)15(Jδe1, Jδe6)− (Ωε,ρ)15(e1, e6) = 2δ
(1 + 2ε− 2ρ)|u|2
r2(r4 − |u|2) = 0
we get that (1 + 2ε− 2ρ)u = 0. If 1 + 2ε− 2ρ = 0, then the condition (Ωε,ρ)13(Jδe1, Jδe3) = (Ωε,ρ)13(e1, e3)
is equivalent to ε = 0, but in this case (Ωε,ρ)56(e1, e2) + (Ω
ε,ρ)56(e3, e4) + (Ω
ε,ρ)56(e5, e6) = −4t2/(r4−|u|2),
which never vanishes.
Therefore, we must have 1 + 2ε− 2ρ 6= 0 and u = 0. Now, the conditions
(Ωε,ρ)15(Jδe1, Jδe5)− (Ωε,ρ)15(e1, e5) = −2ρ(1+2ε−2ρ)t
2
r4 = 0,
(Ωε,ρ)16(Jδe1, Jδe6)− (Ωε,ρ)16(e1, e6) = (2ε−1)(1+2ε−2ρ)t
2
r4 = 0,
are satisfied if and only if (ε, ρ) = ( 12 , 0).
One can check that for ε = 12 and ρ = 0 all the conditions in (9) are satisfied, so the Bismut connection
∇+ is an instanton when the metric coefficient u is zero. Finally, for u = 0 the Pontrjagin form p1(∇+)
comes directly from (30) by taking ε = 12 and ρ = 0. 
5.1. The case u = 0. Here we consider the SU(3)-structures given by (26)-(27) with u = 0, that
is, (Jδ, F
δ
r,t,0,Ψ
δ
r,t,0). In this case the anomaly cancellation condition is reduced just to solve the first
equation in (32) for u = 0, i.e.
4t2r4 = α′(X(ε, ρ) t4 − 2µ2t2r4),
or equivalently,
(X(ε, ρ) t2 − 2µ2r4)α′ = 4r4 > 0.
Notice that the system does not depend on δ, so it is the same for the complex structures J−1 and J+1.
Notice also that sign (α′) = sign
(
X(ε, ρ) t2 − 2µ2r4). It is clear that α′ cannot be positive if X(ε, ρ) ≤ 0.
In that case, we can choose a non-flat instanton (i.e. µ 6= 0) to solve the Strominger system with α′ < 0.
It follows from (31) that X(ε, ρ) ≤ 0 if and only if ρ ≥ ε+ 12 . For instance, ∇− and ∇c are connections
in this case.
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The connections ∇ε,ρ for which there is a solution to the anomaly cancellation condition with α′ > 0
are precisely those satisfying X(ε, ρ) > 0, i.e. ρ < ε + 12 . Actually, we can choose a non-flat instanton
with sufficiently small µ 6= 0. In particular, ∇LC and ∇+ are connections in this case.
Moreover, in the case of the Bismut connection ∇+ the solutions solve in addition the heterotic
equations of motion because ∇+ satisfies the instanton condition by Proposition 5.2.
Therefore, we have proved the following result:
Theorem 5.3. Let us consider a solvmanifold with underlying Lie algebra g7 endowed with an SU(3)-
structure given by (26)-(27) with u = 0. Then, the Strominger system has invariant solutions for any
connection ∇ε,ρ and with a non-flat instanton Aλ,µ. More concretely:
(i) If ρ ≥ ε + 12 , then there exist solutions to the Strominger system with respect to the connection∇ε,ρ in the anomaly cancellation condition, with α′ < 0 and non-flat instanton. In particular,
there are solutions with respect to the connection ∇− and with respect to the Hermitian connection
∇t for any t ≥ 1, which includes the Chern connection ∇c.
(ii) If ρ < ε+ 12 , then there exist solutions to the Strominger system with respect to the connection ∇ε,ρ
in the anomaly cancellation condition, with α′ > 0 and non-flat instanton. In particular, there
are solutions with respect to the Levi-Civita connection ∇LC and with respect to the Hermitian
connection ∇t for any t < 1, which includes the Bismut connection ∇+.
(iii) Moreover, for the Bismut connection the solutions satisfy in addition the heterotic equations of
motion with α′ > 0 and non-flat instanton.
Notice that the solutions are given by Figure 2, so the Chern connection ∇c is excluded again from
the α′ > 0 case. In order to find solutions to the Strominger system with α′ > 0 and with respect to ∇c
in the anomaly cancellation condition, we will need a detailed study of the case u 6= 0 below.
5.2. The case u 6= 0. Here we consider the ansatz (Jδ, F δr,t,u,Ψδr,t,u) for u 6= 0. We have to solve the
system (32), that is,
α′
(
X(ε, ρ) t4 + Y (ε, ρ) |u|2 − 2µ2t2(r4 − |u|2)) = 2α′(Z(ε, ρ) t4 +W (ε, ρ) |u|2)
= 4t2(r4 − |u|2).
Since α′ 6= 0 and 4t2(r4−|u|2) > 0, the sign of α′ must be the same as the sign of Z(ε, ρ) t4 +W (ε, ρ) |u|2.
Notice that the system does not depend on δ.
From the first equality above we get
0 ≤ 2µ2t2(r4 − |u|2) = X(ε, ρ) t4 + Y (ε, ρ) |u|2 − 2(Z(ε, ρ) t4 +W (ε, ρ) |u|2).
Observe that we can rewrite the previous expression as
0 ≤ 2µ2t2(r4 − |u|2) = −4(L(ε, ρ) t4 +N(ε, ρ) |u|2),
where L and N are given by
X(ε, ρ)− 2Z(ε, ρ) = −4 [(ε− 32 )2 + (ρ+ 1)2 − 4] = −4L(ε, ρ),
Y (ε, ρ)− 2W (ε, ρ) = −16 [(ε+ 12 )2 + (ρ− 1)2 − 1] = −4N(ε, ρ).
Equation L(ε, ρ) = 0 represents a circle with center at the point ( 32 ,−1) and of radius 2, whereas
N(ε, ρ) = 0 represents a circle with center at the point (− 12 , 1) and of radius 1. These two circles
intersect at the points P1 =
(
1−√7
8 ,
3−√7
8
)
and Q1 =
(
1+
√
7
8 ,
3+
√
7
8
)
(see Figure 3).
Therefore, we have to find the connections ∇ε,ρ for which there exist r, t ∈ R − {0} and u ∈ C − {0}
with r4 − |u|2 > 0 (i.e. an SU(3)-structure given by (26)-(27) with u 6= 0) satisfying
(33)
{
L(ε, ρ) t4 +N(ε, ρ) |u|2 ≤ 0,
Z(ε, ρ) t4 +W (ε, ρ) |u|2 6= 0.
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In fact, once a solution of (33) is found, we take an instanton given by Proposition 5.1 with µ =√
−2(L(ε,ρ) t4+N(ε,ρ) |u|2)
t2(r4−|u|2) , and the Strominger system is then solved with α
′ = 2 t
2(r4−|u|2)
Z(ε,ρ) t4+W (ε,ρ) |u|2 . The
instanton will be non-flat if and only if µ 6= 0, i.e. if and only if L(ε, ρ) t4 +N(ε, ρ) |u|2 < 0.
In particular, if we want solutions with non-flat instanton and α′ > 0, then we need to solve the
following system:
(34)
{
L(ε, ρ) t4 +N(ε, ρ) |u|2 < 0,
Z(ε, ρ) t4 +W (ε, ρ) |u|2 > 0.
Next we study some distinguished regions in the (ε, ρ)-plane related to the system (34) that will play
a central role.
Notation 5.4. In what follows, we will use the following notation:
L− = {(ε, ρ) ∈ R2 | L(ε, ρ) < 0}, L− = {(ε, ρ) ∈ R2 | L(ε, ρ) ≤ 0},
L+ = {(ε, ρ) ∈ R2 | L(ε, ρ) > 0}, L+ = {(ε, ρ) ∈ R2 | L(ε, ρ) ≥ 0}.
Similar notation will apply to N and to any other real function defined in the (ε, ρ)-plane. In particular,
L− and N− correspond to the interior of the circles L(ε, ρ) = 0 and N(ε, ρ) = 0, respectively.
In order to determine the sign of α′ in the solutions, we will also need to study the sign of the
determinant associated to (33):
d(ε, ρ) = det
(
L(ε, ρ) N(ε, ρ)
Z(ε, ρ) W (ε, ρ)
)
= −4(ε2 + (ρ− 1/2)2 − 1/4)(20ε2 + 20ρ2 − 32ερ+ 4ε− 8ρ+ 1)
= −4M(ε, ρ)S(ε, ρ),
where M(ε, ρ) = ε2 + (ρ− 1/2)2 − 1/4, and S(ε, ρ) = 20ε2 + 20ρ2 − 32ερ+ 4ε− 8ρ+ 1.
The equation M(ε, ρ) = 0 represents a circle with center at the point (0, 12 ), i.e. the center is the Chern
connection, and of radius 1/2. Notice that this circle passes through the points P1 and Q1 obtained above,
and also through the points P2 = (0, 0) and Q2 = (
1
2 ,
1
2 ), which will play a role below. On the other
hand, S(ε, ρ) can be rewritten as
S(ε, ρ) = 20
(
ε+
1− 8ρ
10
)2
+
36
5
(
ρ− 1
3
)2
.
It is clear that S(ε, ρ) ≥ 0, and S(ε, ρ) = 0 if and only if (ε, ρ) = P3 = ( 16 , 13 ). Moreover, since M(P3) < 0
we conclude that
• d(ε, ρ) = 0 if and only if (ε, ρ) = P3 or (ε, ρ) lies on the circle M(ε, ρ) = 0;
• d(ε, ρ) > 0 if and only if (ε, ρ) ∈M− − {P3};
• d(ε, ρ) < 0 if and only if (ε, ρ) ∈M+.
Now we consider the second condition in (33). It is easy to verify that the intersection of Z(ε, ρ) = 0
and W (ε, ρ) = 0 is given by the two points P2 and Q2 given above. These points belong to L
−. Let us
denote by ∆ the following region in the (ε, ρ)-plane (see Figure 3):
∆ = L− ∪N− − {P2, Q2}.
Let ∆+ ⊂ ∆ be the region (see Figure 3) defined by
∆+ = L
− ∪M− − (M− ∩ Z−),
where we are using the notation introduced in Notation 5.4. Notice that ∆+ and ∆ are connected subsets
of the plane.
Now we are in a position to present the main result in this section.
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ε
ρ
∆+
∆
∇t
N = 0
L = 0
M = 0
Z = 0 Q2
P2
Q1
P1
Figure 3. Connections ∇ε,ρ solving the Strominger system with non-flat instanton in
the solvmanifold case according to Theorem 5.5; the region ∆+ corresponds to solutions
with α′ > 0, which in particular includes the Chern connection.
Theorem 5.5. Let us consider a solvmanifold with underlying Lie algebra g7. There are SU(3)-structures
given by (26)-(27) with u 6= 0 providing solutions to the Strominger system with respect to a connection
∇ε,ρ in the anomaly cancellation condition, in the following cases:
(i) For (ε, ρ) ∈ {P1, Q1}, there exist solutions with α′ > 0 and flat instanton.
(ii) For any (ε, ρ) ∈ ∆, there exist solutions to the Strominger system with non-flat instanton. More-
over, α′ > 0 if and only if (ε, ρ) ∈ ∆+.
Proof. The proof of (i) is clear, because if (ε, ρ) = P1 or Q1, then L(ε, ρ) = 0 = N(ε, ρ) and the first
equation in (33) is trivially satisfied. Notice that µ = 0, i.e. the instanton given by Proposition 5.1 is flat.
Since Z(P1) = Z(Q1) =
3
4 > 0 and W (P1) = W (Q1) = −1 < 0, we can take any metric whose coefficient
t is large enough so that the second condition in (33) is satisfied with positive sign and therefore α′ > 0.
For the proof of (ii), we first notice that the first inequality in (33) can be always solved with positive
sign if (ε, ρ) belongs to the interior of the figure determined by the two circles, i.e. L− ∪N−. In fact, if
for instance L(ε, ρ) < 0, then we can choose t sufficiently large so that the inequality is solved; similarly
for the case N(ε, ρ) < 0 by choosing u 6= 0 with sufficiently large |u|. Since µ 6= 0, the instanton given
in Proposition 5.1 is non-flat. Moreover, since the points P2 and Q2 of intersection of Z(ε, ρ) = 0 and
W (ε, ρ) = 0 do not belong to region ∆, we have that the second condition in (33) can be solved, possibly
after a small perturbation of the values of t and u found for the first condition in (33). This ensures that
α′ 6= 0 and the first part of (ii) is proved.
It remains to study when α′ > 0, i.e. which are the values of (ε, ρ) ∈ ∆ for which the conditions in (34)
are satisfied. Our discussion is based on Z(ε, ρ), and we distinguish the cases Z+, Z− and Z = 0.
Let us suppose first that (ε, ρ) ∈ ∆ belongs to Z+:
• If (ε, ρ) ∈ Z+ ∩ L−, then it is enough to take a sufficiently large coefficient t in the metric in
order to solve (34).
• If (ε, ρ) ∈ Z+ ∩ L+, then necessarily N(ε, ρ) < 0. Moreover, the conditions in (34) imply
−N(ε, ρ) |u|2 > L(ε, ρ) t4 > L(ε, ρ)(−W (ε, ρ))
Z(ε, ρ)
|u|2,
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that is, the determinant d(ε, ρ) > 0.
• Finally, if Z(ε, ρ) > 0 and L(ε, ρ) = 0, then necessarily N(ε, ρ) < 0 and (ε, ρ) belongs to the arc
joining P1 and Q1 along the circle L(ε, ρ) = 0 inside N
−. In this case, the determinant d(ε, ρ) is
positive.
In conclusion, if Z(ε, ρ) > 0, then there exist solutions to (34) if and only if (ε, ρ) ∈ L− ∪ d+.
On the other hand, if (ε, ρ) ∈ ∆ belongs to Z−, then necessarily W (ε, ρ) > 0, which is equivalent to
say that ε > ρ. Hence:
• If (ε, ρ) ∈ Z−∩L+, then (ε, ρ) must lie in the interior of the circle N = 0 but in this case W (ε, ρ)
is negative, which is a contradiction.
• If (ε, ρ) ∈ Z− ∩ L−, then arguing as before we can see that d(ε, ρ) < 0.
In conclusion, if Z(ε, ρ) < 0, then there exist solutions to (34) if and only if (ε, ρ) ∈ L− ∩ d−.
Finally, if (ε, ρ) satisfies Z(ε, ρ) = 0, then necessarily W (ε, ρ) > 0. Moreover, sign d(ε, ρ) = signL(ε, ρ).
As before, the case L+ leads to a contradiction.
As a consequence of the previous discussion we get that the connections ∇ε,ρ for which there exist
solutions with α′ > 0 and non-flat instanton (i.e. µ 6= 0), are those for which (ε, ρ) ∈ (L−∪d+)−(d+∩Z−).
Since Z(P3) > 0, the latter is precisely the region ∆+. 
As a consequence of the previous theorem (see also Figure 3) one obtains solutions for many Hermitian
connections, including the Chern connection. More precisely, we have:
Corollary 5.6. A solvmanifold with underlying Lie algebra g7 provides invariant solutions to the Stro-
minger system with α′ > 0 and non-flat instanton with respect to a Hermitian connection ∇t for
t ∈ (−5 − 4√2, 1 − √2) ∪ ( 5−
√
17
2 , 1 +
√
2). In particular, there are solutions for the Bismut connec-
tion (t = −1) and for the Chern connection (t = 1).
Proof. The result follows from Theorem 5.5 (ii) by taking the intersection of the line ρ + ε = 12 with
the region ∆+. A direct calculation shows that the corresponding values of ε are ε ∈
(
−
√
2
4 ,
−3+√17
8
)
∪(√
2
4 ,
3+2
√
2
2
)
. Since t = 1− 4 ε, we get the result. 
Remark 5.7. Notice that in [14] it is proved that the nilmanifold h−19 has invariant solutions with respect
to the Chern connection with positive α′ and non-flat instanton. There do not exist such solutions on
the other balanced nilmanifolds. In addition, h−19 has a solution with respect to the Bismut connection
[10]. However, the solutions on the nilmanifold h−19 never satisfy the heterotic equations of motion.
In conclusion, as far as we know, the solvmanifold g7 is the first known example of a compact complex
manifold that provides explicit solutions to the Strominger system, with α′ > 0 and non-flat instanton,
both with respect to the Chern connection and to the Bismut connection, the latter being also solutions
to the heterotic equations of motion.
In [13, Proposition 5.7] it is proved that the nilmanifold h−19 has a balanced Hermitian structure which
provides simultaneously solutions to the Strominger systems for ∇+ and for ∇c. As a consequence of
Theorem 5.5 we prove a similar result for solvmanifolds with underlying Lie algebra g7. This makes the
space of solutions on these solvmanifolds even richer.
Corollary 5.8. Let us consider a solvmanifold with underlying Lie algebra g7. There is an SU(3)-
structure and a non-flat instanton solving at the same time the Strominger systems for the Bismut and
for the Chern connection, both with positive α′’s.
Proof. Let us describe first the whole space of solutions to the Strominger system for the Chern connection
with α′ > 0 and with non-flat instanton. For (ε, ρ) = (0, 12 ) one has that L(0,
1
2 ) =
1
2 > 0, N(0,
1
2 ) =
−2 < 0, Z(0, 12 ) = 1 > 0 and W (0, 12 ) = 0, therefore for (ε, ρ) = (0, 12 ) the system (34) is equivalent to
2|u| > t2 > 0. Hence, the SU(3)-structures for which the Strominger system has this kind of solutions
are given by (26)-(27) with r, t, u satisfying
(35) 2 r2 > 2 |u| > t2 > 0.
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Notice that the instanton is given by Proposition 5.1 with µ =
√
4|u|2−t4
t2(r4−|u|2) 6= 0, and α′ = 2(r
4−|u|2)
t2 > 0.
Now, we describe all the solutions to the Strominger system for the Bismut connection with α′ > 0
and with non-flat instanton. For (ε, ρ) = ( 12 , 0) one has L(
1
2 , 0) = −2 < 0, N( 12 , 0) = 4 > 0, Z( 12 , 0) = 0
and W ( 12 , 0) = 4 > 0, therefore for (ε, ρ) = (
1
2 , 0) the system (34) is equivalent to t
2 >
√
2 |u| > 0. Hence,
the SU(3)-structures for which the Strominger system has this kind of solutions are given by (26)-(27)
with r, t, u satisfying
(36) t2 >
√
2 |u| > 0, r2 > |u| > 0.
The instanton is given by Proposition 5.1 with µ˜ = 2
√
t4−2 |u|2
t2(r4−|u|2) 6= 0. Note that α˜′ = t
2(r4−|u|2)
2 |u|2 > 0.
Hence, the existence of an SU(3)-structure and a non-flat instanton solving at the same time the
Strominger systems for the Bismut and for the Chern connection is equivalent to the existence of r, t, u
satisfying (35), (36) and µ = µ˜. The latter is equivalent to t2 = 2
√
3√
5
|u|. Since 2
√
3√
5
∈ (√2, 2), we get the
desired solution. Notice that α′ 6= α˜′. 
6. Holonomy and cohomological properties of the solutions
In this section we determine the holonomy group of the Bismut connection ∇+ of the balanced Hermitian
metrics F considered in the previous sections. We also study some properties of the de Rham cohomology
class defined by the 4-form F 2.
In [13] it is proved that for any invariant balanced Hermitian metric on a nilmanifold with h3 as
underlying Lie algebra, the holonomy group of the associated Bismut connection reduces to the subgroup
U(1) of SU(3). For the solvmanifolds found in the previous section we have:
Proposition 6.1. Let us consider a solvmanifold with underlying Lie algebra g7, endowed with a balanced
Hermitian metric Fr,t,u given by (25). Then, the holonomy of the associated Bismut connection is SU(3)
if u 6= 0, and reduces to U(1) when u = 0.
Proof. We apply the Ambrose-Singer theorem, for which we need to consider the curvature endomor-
phisms of the connection ∇+. The curvature endomorphisms R+(ep, eq) are given in terms of the curva-
ture forms (Ω+)ij by
(37) g(R+(ep, eq)ei, ej) = −(Ω+)ij(ep, eq).
Here {e1, . . . , e6} is the dual of any basis {e1, . . . , e6} adapted to the balanced structure. By Appendix 8.3
for ε = 12 and ρ = 0, we obtain that (Ω
+)12 + (Ω
+)34 + (Ω
+)56 = 0, so the holonomy group of the Bismut
connection ∇+ reduces to a subgroup of SU(3).
On the other hand, we consider the following curvature endomorphisms:
R+(e1, e5) =
−4
t2
√
r4−|u|2
[
3|u|2√
r4−|u|2 (e
15 + e26)− 2u1(e35 + e46) + 2u2(e36 − e45)
]
,
R+(e2, e5) =
4
t2
√
r4−|u|2
[
3|u|2√
r4−|u|2 (e
16 − e25)− 2u2(e35 + e46)− 2u1(e36 − e45)
]
,
R+(e3, e5) =
4
t2
√
r4−|u|2
[
2u1(e
15 + e26) + 2u2(e
16 − e25) + |u|2√
r4−|u|2 (e
35 + e46)
]
,
R+(e4, e5) =
4
t2
√
r4−|u|2
[
2u2(e
15 + e26)− 2u1(e16 − e25)− |u|
2√
r4−|u|2 (e
36 − e45)
]
.
A direct calculation shows that if |u|2 (r4−|u|2)+3r4(r4−|u|2)2 6= 0, then R+(e1, e5), R+(e2, e5), R+(e3, e5) and
R+(e4, e5) are independent. Since r
2 > |u|, this happens if and only if the metric coefficient u 6= 0.
Similarly, one can check that if u 6= 0 then the curvature endomorphismsR+(e1, e2), R+(e1, e3), R+(e1, e4)
and R+(e3, e4) are independent from the previous ones. Hence, the space generated by the curvature
endomorphisms has dimension 8. This implies that the holonomy of the Bismut connection is SU(3) for
any balanced metric given by (25) with u 6= 0.
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Finally, if u = 0 then from Appendix 8.3 and (37) it is easy to check that the only curvature endomor-
phisms R+(ep, eq) that do not vanish are R
+(e1, e2) = −R+(e3, e4) = − 4t2r4 (e12 − e34). Moreover, any
covariant derivative ∇+ej (e12− e34) of the 2-form e12− e34 is either zero or a multiple of itself. Hence, the
holonomy of ∇+ reduces to U(1) for any balanced metric (25) with u = 0. 
Remark 6.2. It is worth comparing the result in Proposition 6.1 with previous results on holonomy
reduction obtained in [21] and [13]:
• In [13] it is proved that for any invariant balanced structure (J, F ) on a 6-dimensional nilmani-
fold, the holonomy of the associated Bismut connection equals SU(3) if and only if the complex
structure J is not of Abelian type. (Recall that J is called Abelian if it satisfies the condition
[Jx, Jy] = [x, y] for all x, y ∈ g.) Moreover, the holonomy reduces to a subgroup of SU(2) when
J is Abelian, and it is equal to U(1) when the Lie algebra is precisely h3. In other words, on
6-dimensional balanced nilmanifolds the holonomy of the Bismut connection does not depend on
the metric, since it is completely determined by the type of the complex structure. In contrast,
Proposition 6.1 shows that this is no longer true in the solvable case, since one gets different
holonomy depending on the metric coefficient u.
• Let g be a 2n-dimensional unimodular Lie algebra equipped with a balanced structure (J, F ).
In [21] it is proved that if J is Abelian, then the holonomy group of the associated Bismut
connection reduces to a subgroup of SU(n − k), where 2k is the dimension of the center of g.
Proposition 6.1 shows that the converse does not hold in general, since a further reduction to
U(1) may happen for a non-Abelian complex structure. In fact, notice that by (24) the complex
structures Jδ on g7 are not Abelian.
In the following result we show that in the semisimple case, i.e. for g = sl(2,C), the holonomy of the
Bismut connection of the solutions found in Section 4 always reduces to the subgroup SO(3) inside SU(3).
Proposition 6.3. Let us consider a compact quotient of SL(2,C) endowed with a balanced Hermitian
metric given by (17). Then, the holonomy of the associated Bismut connection reduces to SO(3).
Proof. From Appendix 8.2 for ε = 12 and ρ = 0, we obtain the curvature forms (Ω
+)ij for the Bismut
connection ∇+. Now, we proceed as in the proof of Proposition 6.1, taking into account (37) for the
calculation of the curvature endomorphisms R+(ep, eq). It can be checked directly that the only non-zero
endomorphisms R+(ep, eq) are
R+(e1, e3) = R
+(e2, e4) = − 2t2 (e13 + e24),
R+(e1, e5) = R
+(e2, e6) = − 2t2 (e15 + e26),
R+(e3, e5) = R
+(e4, e6) = − 2t2 (e35 + e46).
Moreover, the non-zero covariant derivatives of the 2-forms e13 + e24, e15 + e26 and e35 + e46 are the
following:
∇+e1(e13 + e24) = − 2t (e15 + e26), ∇+e3(e13 + e24) = − 2t (e35 + e46),
∇+e1(e15 + e26) = 2t (e13 + e24), ∇+e5(e15 + e26) = − 2t (e35 + e46),
∇+e3(e35 + e46) = 2t (e13 + e24), ∇+e5(e35 + e46) = 2t (e15 + e26).
Therefore, by Ambrose-Singer theorem the Lie algebra of the holonomy group of the Bismut connection
has dimension 3, and it corresponds to so(3) inside su(3). 
We finish this section by focusing on some cohomological properties of the balanced metrics studied in
the previous sections. We notice first that for compact quotients of SL(2,C), any invariant form of type
(2,2) with respect to the complex structure (16) is exact. In fact, it is straightforward to check that∧
2,2(sl(2,C)∗) = d
(∧
2,1(sl(2,C)∗)
)
.
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Therefore, for any invariant balanced Hermitian metric F we have that the de Rham cohomology class
of F 2 always vanishes, i.e. [F 2] = 0. More generally, it is announced in [22] that the same holds for any
semi-Ka¨hler metric on a quotient of any complex Lie group G which is semisimple.
In contrast, in the nilmanifold and solvmanifold cases we have
Proposition 6.4. Let X be a nilmanifold with underlying Lie algebra h3 endowed with the complex
structure (10), or a solvmanifold with underlying Lie algebra g7 endowed with a complex structure (24).
Then, [F 2] 6= 0 in H4dR(X;R), for any (not necessarily invariant) balanced metric F on X.
Proof. Let F be a generic balanced Hermitian metric on X and suppose that F 2 = dβ for some 3-form
β on X. Applying the well-known symmetrization process (see for instance [13] for details), one has that
there should exist an invariant balanced Hermitian metric F˜ on X such that F˜ 2 ∈ d (∧3(g∗)). Here
g = h3 when X is a nilmanifold and g = g7 when X is a solvmanifold.
Now, any invariant balanced metric is given by (11) and (25), and hence we have:
• for g = h3, 2F 2t = ω121¯2¯ + t2ω131¯3¯ + t2ω232¯3¯;
• for g = g7, 2F 2r,t,u = (r4 − |u|2)ω121¯2¯δ + r2t2
(
ω131¯3¯δ + ω
232¯3¯
δ
)
+ it2
(
u¯ ω231¯3¯δ − uω132¯3¯δ
)
.
From the complex structure equations (10) and (24), it follows easily that these (2,2)-forms are never
exact. In conclusion, any balanced Hermitian metric F defines a non-zero de Rham class [F 2] in
H4dR(X;R). 
For a compact complex manifold X, of complex dimension n, endowed with a balanced metric F , one
can define the map in cohomology
L : H1dR(X;R) −→ H2n−1dR (X;R)
given by the cup product with the de Rham cohomology class [Fn−1] ∈ H2n−2dR (X;R).
Proposition 6.5. Let X be as in Proposition 6.4. For any invariant balanced metric F on X, the map
L : H1dR(X;R) −→ H5dR(X;R) given by the cup product with [F 2], is not an isomorphism.
Proof. It is easy to see that the 1-form e5 defines a non-zero class in H1dR(X;R). Thus, L([e5]) = [2e12345].
The class [e12345] is zero in H5dR(X;R) because in the nilpotent case, i.e. for g = h3, from (15) we get
that de1256 = −2t e12345, and in the solvable case, i.e. for g = g7 equations (28) imply that de1256 =
−δ 2tr2 e12345. So, in any case the 5-form e12345 is exact and therefore L is not injective. 
By Proposition 6.5 all our solutions to the Strominger system (and to the heterotic equations of motion)
found in Sections 3 and 5 share the property that L is never an isomorphism. It is worthy to note that
there exist other balanced nilmanifolds solving the Strominger system (but not the heterotic equations
of motion) for which the map L is an isomorphism.
In the following table we summarize the main results obtained in the paper.
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7. Conclusions
We construct many new solutions to the Strominger system in six dimensions with respect to a 2-
parameter family of metric connections ∇ε,ρ in the anomaly cancellation equation. All the solutions
constructed in this paper are non-Ka¨hler and with non vanishing flux. More concretely, the solutions
are all invariant solutions living on three different compact non-Ka¨hler homogeneous spaces, which are
obtained as the quotient, by a lattice of maximal rank, of a nilpotent Lie group (the nilmanifold h3), the
semisimple group SL(2,C) and a solvable Lie group (the solvmanifold g7). As the solutions are invariant,
the underlying Hermitian metrics are balanced and the dilaton is constant.
The solutions are obtained after a careful analysis of the first Pontrjagin form of the connections ∇ε,ρ,
and as a consequence many new solutions to the Strominger system with non-flat instanton and string
tension α′ of different signs are obtained. Since the ansatz ∇ε,ρ is a natural extension of the canonical 1-
parameter family of Hermitian connections found by Gauduchon [12], in particular we provide solutions
with respect to the Chern connection ∇c or the (Strominger-)Bismut connection ∇+ in the anomaly
cancellation equation, with non-flat instanton and α′ > 0. Moreover, the Levi-Civita connection ∇LC
and the connection ∇− also belong to the ansatz ∇ε,ρ, and solutions are given in these cases, too. All
these connections were proposed (see for instance [1, 7, 8, 9, 10] and the references therein) for the
anomaly cancellation equation in the Strominger system.
For the nilmanifold h3 and for the quotient of the semisimple group SL(2,C), we extend the study
of invariant solutions developed in [10] and [11], respectively, to the family of connections ∇ε,ρ. The
solvmanifold g7 was found in [18] as a new compact complex (non-Ka¨hler) homogeneous space with
holomorphically trivial canonical bundle endowed with balanced Hermitian metrics. We show here that
this new solvmanifold provides many invariant solutions to the Strominger system with respect to the
connections ∇ε,ρ in the anomaly cancellation equation, including the Bismut and the Chern connections,
with non-flat instanton and positive string tension α′.
Solutions to the heterotic equations of motion are also found in this paper. We make use of a result
by Ivanov [17] asserting that a solution of the Strominger system satisfies the heterotic equations of
motion if and only if the connection ∇ in the anomaly cancellation equation is an instanton. For the
previous homogeneous spaces, we prove that a connection ∇ = ∇ε,ρ in our ansatz is a non-flat instanton
if and only if ∇ = ∇+, i.e. it is the Bismut connection. This allows us to give explicit solutions to the
heterotic equations of motion, with respect to the Bismut connection and with positive string tension α′,
on the three compact non-Ka¨hler homogeneous spaces, i.e. on the nilmanifold h3 (see also [10]), on the
quotient of the semisimple group SL(2,C) and on the solvmanifold g7. In the SL(2,C) case, this provides
an affirmative answer to a question posed by Andreas and Garc´ıa-Ferna´ndez in [16].
To our knowledge, these are the only known invariant solutions to the heterotic equations of motion
in six dimensions. We conjecture that if a compact non-Ka¨hler homogeneous space M = G/Γ admits an
invariant solution to the heterotic equations of motion with α′ > 0 and with respect to some connection
∇ in the ansatz ∇ε,ρ, then ∇ is the Bismut connection ∇+ and M is the nilmanifold h3, a quotient of
the semisimple group SL(2,C) or the solvmanifold g7.
Finally, we observe that the results in [15] suggest that the solutions constructed in this paper could
serve as a source for the construction of new smooth supersymmetric solutions to the heterotic equations
of motion up to first order of α′ with non vanishing flux, non-flat instanton and non-constant dilaton.
Indeed, the source of the construction in [15] was the invariant solutions to the Strominger system with
constant dilaton previously found on nilmanifolds.
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8. Appendix
In this appendix we present the curvature 2-forms (Ωε,ρ)ij , of any connection ∇ε,ρ in the family introduced
in Section 2, on the compact quotient manifolds corresponding to the cases g = h3, sl(2,C) and g7. The
curvature forms (Ωε,ρ)ij are derived by a direct calculation using (6) and (7) in an appropriate adapted
basis of 1-forms on g.
8.1. Curvature forms (Ωε,ρ)ij for the nilpotent case g = h3. The forms (Ω
ε,ρ)ij are derived directly
from (6)–(7) and the structure equations (15) with respect to the basis of 1-forms {e1, . . . , e6}, which is
adapted to the SU(3)-structure (J−, Ft,Ψt), t 6= 0, given by (13)-(14). We have:
(Ωε,ρ)12 = −(3 + 4 ε2 − 4 ρ+ 4 ρ2)t2 e12 + 2(1 + 2 ε− 2 ρ)t2 e34,
(Ωε,ρ)13 = 4 ρ
2t2 e13 + (1− 2 ε)2t2 e24,
(Ωε,ρ)14 = 4 ρ
2t2 e14 − (1− 2 ε)2t2 e23,
(Ωε,ρ)15 = 2(1 + 2 ε− 2 ρ)ρ t2 e26,
(Ωε,ρ)16 = (1− 2 ε)(1 + 2 ε− 2 ρ)t2 e16,
(Ωε,ρ)23 = −(1− 2 ε)2t2 e14 + 4 ρ2t2 e23,
(Ωε,ρ)24 = (1− 2 ε)2t2 e13 + 4 ρ2t2 e24,
(Ωε,ρ)25 = −2(1 + 2 ε− 2 ρ)ρ t2 e16,
(Ωε,ρ)26 = (1− 2 ε)(1 + 2 ε− 2 ρ)t2 e26,
(Ωε,ρ)34 = 2(1 + 2 ε− 2 ρ)t2 e12 − (3 + 4 ε2 − 4 ρ+ 4 ρ2)t2 e34,
(Ωε,ρ)35 = 2(1 + 2 ε− 2 ρ)ρ t2 e46,
(Ωε,ρ)36 = (1− 2 ε)(1 + 2 ε− 2 ρ)t2 e36,
(Ωε,ρ)45 = −2(1 + 2 ε− 2 ρ)ρ t2 e36,
(Ωε,ρ)46 = (1− 2 ε)(1 + 2 ε− 2 ρ)t2 e46,
(Ωε,ρ)56 = 4(1− 2 ε)ρt2 e12 + 4(1− 2 ε)ρt2 e34.
It is worth noticing that the family of Hermitian connections ∇t (i.e. ρ = 12 − ε) satisfies the relations
(38)
(Ωt)12 + (Ω
t)34 + (Ω
t)56 = 0, (Ω
t)23 = −(Ωt)14, (Ωt)24 = (Ωt)13,
(Ωt)25 = −(Ωt)16, (Ωt)26 = (Ωt)15, (Ωt)45 = −(Ωt)36, (Ωt)46 = (Ωt)35.
8.2. Curvature forms (Ωε,ρ)ij for the semisimple case g = sl(2,C). The forms (Ωε,ρ)ij are derived
directly from (6)–(7) and the structure equations (21) with respect to the basis of 1-forms {e1, . . . , e6},
which is adapted to the SU(3)-structure (J, Ft,Ψt), t 6= 0, given by (19)-(20):
(Ωε,ρ)12 = − (1−2 ε−2 ρ)
2
2t2 (e
34 + e56),
(Ωε,ρ)13 =
1
4t2
[
(1 + 6 ε− 2 ρ)(1− 6 ε+ 2 ρ)e13 − (3 + 8 ε+ 4 ε2 − 8 ρ+ 8 ερ+ 4 ρ2)e24] ,
(Ωε,ρ)14 =
1−2 ε−2 ρ
4t2
[
(1 + 2 ε− 6 ρ)e14 − (1− 6 ε+ 2 ρ)e23] ,
(Ωε,ρ)15 =
1
4t2
[
(1 + 6 ε− 2 ρ)(1− 6 ε+ 2 ρ)e15 − (3 + 8 ε+ 4 ε2 − 8 ρ+ 8 ερ+ 4 ρ2)e26] ,
(Ωε,ρ)16 =
1−2 ε−2 ρ
4t2
[
(1 + 2 ε− 6 ρ)e16 − (1− 6 ε+ 2 ρ)e25] ,
(Ωε,ρ)23 = − 1−2 ε−2 ρ4t2
[
(1− 6 ε+ 2 ρ)e14 − (1 + 2 ε− 6 ρ)e23] ,
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(Ωε,ρ)24 = − 14t2
[
(3 + 2 ε− 6 ρ)(1 + 2 ε− 6 ρ)e13 + (7 + 4 ε2 − 16 ρ+ 8 ερ+ 4 ρ2)e24] ,
(Ωε,ρ)25 = − 1−2 ε−2 ρ4t2
[
(1− 6 ε+ 2 ρ)e16 − (1 + 2 ε− 6 ρ)e25] ,
(Ωε,ρ)26 = − 14t2
[
(3 + 2 ε− 6 ρ)(1 + 2 ε− 6 ρ)e15 + (7 + 4 ε2 − 16 ρ+ 8 ερ+ 4 ρ2)e26] ,
(Ωε,ρ)34 = − (1−2 ε−2 ρ)
2
2t2 (e
12 + e56),
(Ωε,ρ)35 =
1
4t2
[
(1 + 6 ε− 2 ρ)(1− 6 ε+ 2 ρ)e35 − (3 + 8 ε+ 4 ε2 − 8 ρ+ 8 ερ+ 4 ρ2)e46] ,
(Ωε,ρ)36 =
1−2 ε−2 ρ
4t2
[
(1 + 2 ε− 6 ρ)e36 − (1− 6 ε+ 2 ρ)e45] ,
(Ωε,ρ)45 = − 1−2 ε−2 ρ4t2
[
(1− 6 ε+ 2 ρ)e36 − (1 + 2 ε− 6 ρ)e45] ,
(Ωε,ρ)46 = − 14t2
[
(3 + 2 ε− 6 ρ)(1 + 2 ε− 6 ρ)e35 + (7 + 4 ε2 − 16 ρ+ 8 ερ+ 4 ρ2)e46] ,
(Ωε,ρ)56 = − (1−2 ε−2 ρ)
2
2t2 (e
12 + e34).
Notice that the family of Hermitian connections ∇t (i.e. ρ = 12 − ε) satisfies the relations (38).
8.3. Curvature forms (Ωε,ρ)ij for the solvable case g = g7. The forms (Ω
ε,ρ)ij are derived by a long,
but direct, calculation using the structure equations (28) in terms of the adapted basis {e1, . . . , e6}, and
taking into account (6) and (7). We recall that δ = ±1 depends only on the complex structure, and
r, t, u1 = Reu, u2 = Imu are (real) coefficients that describe the balanced Jδ-Hermitian metrics on g7.
We found the following relations:
(Ωε,ρ)12 + (Ω
ε,ρ)34 + (Ω
ε,ρ)56 = −(1− 2 ε− 2 ρ)2 t
4+4|u|2
t2(r4−|u|2) (e
12 + e34),
(Ωε,ρ)13 − (Ωε,ρ)24 = −(1− 2 ε− 2 ρ) (1−2 ε+2 ρ)t
4−4(1+2 ε−2 ρ)|u|2
t2(r4−|u|2) (e
13 − e24),
(Ωε,ρ)14 + (Ω
ε,ρ)23 = −(1− 2 ε− 2 ρ) (1−2 ε+2 ρ)t
4−4(1+2 ε−2 ρ)|u|2
t2(r4−|u|2) (e
14 + e23),
(Ωε,ρ)15 − (Ωε,ρ)26 = 1−2 ε−2 ρ√r4−|u|2
[
−12 |u|2
t2
√
r4−|u|2 e
15 + 2 δ |u|
2
r2
√
r4−|u|2 (e
16 − e25)− (1+2 ε−2 ρ) t4+8(ε−ρ) |u|2
t2
√
r4−|u|2 e
26
− 2 δ u2r2 (e35 + e46)− 2 δ u1r2 (e36 − e45) + 8t2 (u1 e35 + u2 e45)
]
,
(Ωε,ρ)16 + (Ω
ε,ρ)25 =
1−2 ε−2 ρ√
r4−|u|2
[
2 δ |u|2
r2
√
r4−|u|2 (e
15 + e26) + (1+2 ε−2 ρ) t
4+8(ε−ρ) |u|2
t2
√
r4−|u|2 e
16 − 12 |u|2
t2
√
r4−|u|2 e
25
− 2 δ u1r2 (e35 + e46) + 2 δ u2r2 (e36 − e45)− 8t2 (u2 e35 − u1 e45)
]
,
(Ωε,ρ)35 − (Ωε,ρ)46 = 1−2 ε−2 ρ√r4−|u|2
[
2 δ u2
r2 (e
15 + e26)− 2 δ u1r2 (e16 − e25) + 8t2 (u1 e15 − u2 e25)
+ 4 |u|
2
t2
√
r4−|u|2 e
35 − 2 δ |u|2
r2
√
r4−|u|2 (e
36 − e45)− (1+2 ε−2 ρ) t4+8(ε−ρ) |u|2
t2
√
r4−|u|2 e
46
]
,
(Ωε,ρ)36 + (Ω
ε,ρ)45 =
1−2 ε−2 ρ√
r4−|u|2
[
− 2 δ u1r2 (e15 + e26)− 2 δ u2r2 (e16 − e25) + 8t2 (u2 e15 + u1 e25)
− 2 δ |u|2
r2
√
r4−|u|2 (e
35 + e46) + (1+2 ε−2 ρ) t
4+8(ε−ρ) |u|2
t2
√
r4−|u|2 e
36 + 4 |u|
2
t2
√
r4−|u|2 e
45
]
.
Notice that, as in the previous cases 8.1 and 8.2, the Hermitian connections ∇t (i.e. ρ = 12 − ε) satisfy
the relations (38).
Taking into account the general relations above, it suffices to describe the 8 curvature 2-forms (Ωε,ρ)12,
(Ωε,ρ)13, (Ω
ε,ρ)14, (Ω
ε,ρ)15, (Ω
ε,ρ)16, (Ω
ε,ρ)34, (Ω
ε,ρ)35 and (Ω
ε,ρ)36. These curvature forms are:
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(Ωε,ρ)12 = − t
2B
r4 e
12 +
2r4t4(1+2ε−2ρ)−|u|2(t4B+r4D)
r4t2(r4−|u2|) e
34 + 16(ε−ρ)|u|
2
t2(r4−|u|2) e
56
− 1
r4
√
r4−|u|2
(
e14 − e23 e13 + e24)(u2 −u1
u1 u2
)(
δr2A
−t2B
)
,
(Ωε,ρ)13 =
−1
r4
√
r4−|u|2
(
δr2u1C − t2u2B
) (
e12 − e34)+ 16(ε−ρ)u2
t2
√
r4−|u|2 e
56
+ u2r4(r4−|u|2)
(
16δ
(
ε2 − ρ(1− ρ)) r2u1 − t2u2B) (e13 + e24)
− u1r4(r4−|u|2)
(
δr2u1C − t2u2B
) (
e14 − e23)+ u2r2t2(r4−|u|2) (δt2u2A− r2u1D) (e14 − e23)
+ 4t2(r4−|u|2)
(
ρ2t4 − 4ε2u21 + u22(1− 2ρ)2
)
e13
+ 1t2(r4−|u|2)
(
t4(1− 2ε)2 − 4u21(1− 2ρ)2 + 16u22ε2
)
e24,
(Ωε,ρ)14 =
−1
r4
√
r4−|u|2
(
t2u1B + δr
2u2C
)
(e12 − e34)− 16(ε−ρ)u1
t2
√
r4−|u|2 e
56 − δr2(r4−|u|2)
(
u21A− u22C
)
(e13 + e24)
+ u1u2r4t2(r4−|u|2)
(
t4B − r4D) (e13 + e24)− u1r4(r4−|u|2) (t2u1B + 16δ(ε2 − ρ(1− ρ))r2u2) (e14 − e23)
+ 4t2(r4−|u|2)
(
ρ2t4 + (1− 2ρ)2u21 − 4ε2u22
)
e14 − 1t2(r4−|u|2)
(
t4(1− 2ε)2 + 16ε2u21 − 4(1− 2ρ)2u22
)
e23,
(Ωε,ρ)15 =
−12(1−2ρ)|u|2
t2(r4−|u|2) e
15 + 4δρ|u|
2
r2(r4−|u|2)e
25 +
2(ρt4(1+2ε−2ρ)−4(1−2ρ)(ε−ρ)|u|2)
t2(r4−|u|2) e
26
− 2δ(1+2ε−4ρ)
r2
√
r4−|u|2 (u1e
36 + u2e
46 − |u|2√
r4−|u|2 e
16) + 4
r2t2
√
r4−|u|2
(
e35 e45
)( u2 u1
−u1 u2
)(
δρt2
2r2(1− 2ρ)
)
,
(Ωε,ρ)16 =
2δ(1−2ε)|u|2
r2(r4−|u|2) e
15 − 4ε(ε−ρ)(t4+4|u|2)−t4(1−2ρ)t2(r4−|u|2) e16 + 24ε|u|
2
t2(r4−|u|2)e
25
+ 4δ(2ε−ρ)
r2
√
r4−|u|2
(
−|u|2√
r4−|u|2 e
26 + u1e
46 − u2e36
)
+ 2
r2t2
√
r4−|u|2
(
e35 e45
)( u2 −u1
−u1 −u2
)(
8 ε r2
δt2(1− 2ε)
)
,
(Ωε,ρ)34 =
2r4t4(1+2ε−2ρ)−|u|2(t4B+r4D)
r4t2(r4−|u2|) e
12 − t2Br4 e34 − 16(ε−ρ)|u|
2
t2(r4−|u|2) e
56
+ 1
r4
√
r4−|u|2
(
e14 − e23 e13 + e24)(u2 −u1
u1 u2
)(
δr2A
−t2B
)
,
(Ωε,ρ)35 =
2δ(1+2ε−4ρ)
r2
√
r4−|u|2
(
−u1e16 + u2e26 − |u|
2√
r4−|u|2 e
36
)
+ 4|u|
2
r4−|u|2
(
1−2ρ
t2 e
35 − δρr2 e45
)
+
2(ρt4(1+2ε−2ρ)−4(1−2ρ)(ε−ρ)|u|2)
t2(r4−|u|2) e
46 − 4
r2t2
√
r4−|u|2
(
e15 e25
)(u2 −u1
u1 u2
)(
δρ t2
2r2(1− 2ρ)
)
,
(Ωε,ρ)36 =
4δ(2ε−ρ)
r2
√
r4−|u|2 (u2e
16 + u1e
26)− 2δ(1−2ε)|u|2r2(r4−|u|2) e35 − 4|u|
2
r4−|u|2
(
2ε
t2 e
45 + (2ε−ρ)δr2 e
46
)
− 4ε(ε−ρ)(t4+4|u|2)−t4(1−2ρ)t2(r4−|u|2) e36 − 2r2t2√r4−|u|2
(
e15 e25
)(u2 −u1
u1 u2
)(
8 ε r2
−δt2(1− 2ε)
)
,
where
A = A(ε, ρ) = 4
(
2ε2 + 2ρ2 − ε− ρ), B = B(ε, ρ) = 4(ε2 + ρ2 − ρ+ 3/4),
C = C(ε, ρ) = 4(2ε2 + 2ρ2 + ε− 3ρ), D = D(ε, ρ) = 4 (4ε2 + 4ρ2 − 4ρ+ 1).
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